Module 2: Lecture 8 
Introduction to Differential 
Equations 


Definition 1.1 


Differential Equations (DE) 
» equations containing derivatives of one or more 
variables 
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Definition 1.2 


When an equation involves derivative(s) with 
respect to a particular variable, that variable is 
called an independent variable. A variable is 
called dependent if a derivative of that variable 
occurs. 


In the Differential Equation, 
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t is the independent variable and 7 is the 
dependent variable. 


Definition 1.3 


L 


An ordinary differential equation (ODE) is a 
differential equation in which all derivatives are 
ordinary derivatives of one or more dependent 
variables with respect to a single dependent 
variable. 
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Definition 1.5 


A partial differential equation (PDE) is a 
differential equation containing at least one 
partial derivative of some dependent variable. 
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Definition 1.7 


The order of the highest-ordered derivative 
that appears in a DE is called the order of 
the DE. 
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Definition 2.1 


A solution of an ordinary differential equation in 
one dependent variable or an interval Jisa 
function which, when substituted for the 
dependent variable, reduces the equation to an 
identity in the independent variable over J. 


Equation Solution 
y=2x y=x 
y+3 y=6x+11 ya=e °*42 x43 
y -3y+2y=24e* | y=3 e* 404264 


Remark: 
Note that the solution to a DE is not necessarily 
unique, primarily because the derivative of a 


constant is zero. For example: y= x°+4 is alsoa 
solution to the first differential equation yr2x 


Example: 
Verify that the function 


y=e °*+2.x+3 is a solution to the differential 
equation y+3 y=6.x+11 


To verity the solution. we first cealouate y ws ng the 
ebainrue for derivatives 
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Activity 2.2 


Verify that the given equation is a solution to the 
corresponding ODE: 
: dy dy 
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Activity 2.3 


The series 
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is called the fess = furebo acedos soro. Verify that Jule tis a solution 
to the ODE 
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Example 2.4 


Both yy) = | —.r and 2 =r — l are solutions of the differential equation 
y” — ibon every interval J. Let fir} — # — 1 on {[—~x.—x1. Then fis 
represented by y, = | —.r for. < Land by ys =. — 1 for. > land fis 
continuous at . — |. However, f is not a solution of 4” — 0 on any open 
interval containing . — | because /" is not continuous at « — l. In fact, 
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Hence. {’(11 does not exist. 


General and Particular Solutions 


Each individual solution of a differential equation 
is called a particular solution. A general solution 
of an ODE is a nonempty set of solutions 
specified by an expression which contains at 
least one parameter and which becomes a 
representation of a particular solution when its 
parameters are all replaced by numbers. The set 
of all solutions of a differential equation 
constitutes its complete solution. 


Families of Solution to the differential equation 
y'=2xX 


c=4 

y= x? =2 
y= +4 c=0 

is also a solution ‘ mide 


Example: 
Find the particular solution to the differential 


equation y=2 x passing through the point (2,7). 


Solution: 
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Definition 3.1 


The problem of determining solutions to ODE that 
satisfy some conditions is called an initial-vale 
problem (IVP). For first 
order equations, we wish to determine the 
conditions for the IVP 
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to have a solution 


Theorem 3.2 
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o there exists a unique solution of (G1! on the interval r —.ry € h 


Example: 
Verify that the function y=2 e *‘+e' is a solution 


to the initial-value problem y+2 y=3 æ, y/0|=3 
Solution: 


For a function to satisfy an initial-value problem. it must satisfy both the differential 
equation and the initial condition. To show that y satisfies the differential equation. 
we start by calculating y’. 
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solves the differential equation 


Next we calculate y(U): 
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This result verifies the initial value. Therefore the given function satisfies the initial- 
value problem, 


Note: The initial-value problem consisted of two parts. The 
first part was the differential equation and the initial 
condition. The differential equation has a family of solutions, 
and the initial condition determines the value of C. 


Illustration: 


The family of solutions to the differential 
equation y’ + 2y = 3e® is given by 
y = 2e” + Cet. 


The particular solution y = 2e~** + e! is labeled 


